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ON THE BERKOVICH DOUBLE RESIDUE FIELDS AND
BIRATIONAL MODELS
KEITA GOTO
Abstract. For each point of Berkovich analytic spaces, we can consider
the residue field in the similar way as we do it for each point of algebraic
varieties. This Berkovich residue field is a valuation field in the algebraic
sense. Then we can take its residue field as a valuation field. This is
called the (Berkovich) double residue field in [Jon16].
In this paper, we mainly consider valuations on varieties. As a result,
we identify their double residue field as the union of the residue fields of
their center in birational models. In addition, when these valuations are
‘monomial valuations’, we compute their double residue field concretely.
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1. Introduction
In this papar, trivially valued fields are included in non-Archimedean
fields. For a pointx of a Berkovich analytic space, we can define the Berkovich
residue field H (x). Then it is the complete valuation field with respect to
x. We can define the residue field H˜ (x) of H (x) as a valuation field.
We consider the Berkovich analytification in all of this paper. Now, we
assume that X is a variety over k, where k is a non-Archimedean field and
a variety over k means separated integral scheme of finite type over k.
In certain situations, x ∈ Xan has the center cX (x) in X , where X is a
model ofX in the sense of the following.
Definition 1.1 (= Definition 2.25). In the above setting, a model X of X
is a flat integral k◦-scheme of finite type with the datum of an isomorphism
X ×Speck◦ Speck ∼= X , where k◦ is the valuation ring of k.
We note that when k is a trivially valued field, a model of X is uniquly
determined as X itself.
When x ∈ Xan is a valuation, for birational proper morphism f : Y → X ,
where Y is a model of Y , we can regard x as an element of Y an (which is
a valuation again), and it follows that f(cY(x)) = cX (x). This gives the
canonical inclusion
κ(cX (x)) →֒ κ(cY(x)) →֒ H˜ (x).
Further, we obtain the following result.
Theorem 1.2 (= Theorem 3.5). LetX be a variety over a non-Archimedean
field k. We suppose that x ∈ Xan is a valuation and there exists a model X
of X such that cX (x) exists. Then, it follows that
H˜ (x) =
⋃
X
κ(cX (x)),
where X ranges over{
all blow-ups of X (if k = k◦).
all models of X in which cX (x) exists (if k 6= k
◦).
This is our first main result. This means that we can regard H˜ (x) as
the union of the residue field of the center of x in birational models. To
construct suitable birational models are often very difficult central problems
in birational algebraic geometry or arithmetic geometry: for instance, log
resolution, semistable reduction, minimal model, canonical model, Iitaka
fibration, Mori fibration among others. Morally speaking, one main feature
of the double residue field is it is defined intrinsically in terms of purely
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non-archimedean world, without relying on good model construction, while
it captures certain important information on birational models as we show
here.
We call x ∈ Xan monomial valuation if x satisfies the conditions that we
will see later (§4). From now on, we focus on these monomial valuations.
The following is our second main result.
Theorem 1.3 (= Theorem 4.6). Let k be a trivially valued field. Let X be
a variety over k. Let p ∈ X be a nonsingular point. Let x ∈ Xan be a
monomial valuation on p ∈ X .
Then, H˜ (x) is finitely gererated over κ(cX(x)) as a field. Further we can
give the concrete description and there exists some blow-up π : X ′ → X
such that
H˜ (x) = κ(cX′(x)).
In this theorem, k is a trivially valued field. Hence,X is the unique model
ofX itself. This theorem is a example such that H˜ (x) is represented by the
center of x in some model.
The following is our third main result.
Theorem 1.4 (= Theorem 5.7). We suppose that k is a trivially valued field.
Let X be a variety over k. Let p ∈ X be a nonsingular point. Let G be a
finite group acting onX whose order is relatively prime to the characteristic
of k. Let x ∈ Xan be a G-invariant monomial valuation on p ∈ X . We take
U as Lemma 5.4. We suppose that φ : U → U/G is the geometric quotient
and φan(x) = y ∈ (U/G)an.
Then, it follows that
H˜ (x)
G
= H˜ (y).
This is the result for quotient singularities.
On these results for monomial valuations, we assume that a base field is
a trivially valued field. In contrast, on the last result, we assume that a base
field is a complete discrete valuation field (which is called DVF for short).
The following is our last result.
Theorem 1.5 (= Theorem 6.11). Let K be a complete DVF. We suppose
that R is the complete DVR ofK and k is the residue field ofK. We assume
that the characteristic of k is 0. Let X be a smooth connected projective
K-analytic space.
If x is a quasi monomial valuation, then there exists a SNC model X of
X such that H˜ (x) = κ(cX (x)).
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In §2, we prepare many terminology and facts about Berkovich analytic
spaces and centers of multiplicative (semi)norms. Those are well-known.
From §3, we start to state our original results.
In §3, we state general properties of H˜ (x). In particular, the relation
between centers of a valuation x and H˜ (x) is important.
In §4, we study H˜ (x) when x is a monomial valuation. Because of the
good properties of monomial valuations, we can compute H˜ (x) concretely.
By using the result which is obtained in §3, we can construct birational mod-
els which is suitable for discussing the valuation x.
In §5, we study H˜ (x) such that the center of x inX is a quotient singular-
ity. By considering group actions, we extend the previous result to quotient
singularities.
In §6, we give a property of quasi monomial valuations over a complete
DVF, as an application of our discussion in §4.
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2. Preliminaries
2.1. Berkovich Spectrums.
Let A be a commutative ring with identity 1.
Definition 2.1. A seminorm on A is a function | · | : A → R≥0 possessing
the following properties:
(1) |0| = 0,
(2) |f − g| ≤ |f |+ |g|,
(3) |fg| ≤ |f ||g|,
for all f, g ∈ A. FurthermoreïĳŇa seminorm | · | on A is called
• a norm if the equality |f | = 0 induces f = 0.
• non-Archimedean if |f − g| ≤ max{|f |, |g|} for all f, g ∈ A.
• multiplicative if |fg| = |f ||g| for all f, g ∈ A.
For each seminorm | · |, | · | is a norm on A if and only if the induced
topology is Hausdorff.
Definition 2.2. A Banach ring A = (A , || · ||) is a normed ring A that is
complete with respect to its norm || · ||.
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Example 2.3. We can consider any ring A as a Banach ring by the trivial
norm | · |0 defined as below.
For each f ∈ A,
|f |0 :=
{
1 (if f 6= 0)
0 (if f = 0)
The trivial norm is a non-Archimedean norm. Moreover it is clear that
(A, | · |0) is complete. Hence it is a Banach ring. Further, when A is a
domain, the norm is multiplicative.
Definition 2.4. a norm | · | is called a valuation if it is multiplicative.
As the above example, for any field k, the trivial norm | · |0 is a valuation.
Then (k, | · |0) is called a trivially valued field.
Example 2.5. A complete DVR is a Banach ring with respect to the norm
induced by the discrete valuation. The norm is multiplicative and non-
Archimedean.
Definition 2.6. Let (A , || · ||) be a Banach ring. A seminorm | · | on A is
bounded if there exists C > 0 such that |f | ≤ C||f || for all f ∈ A .
Let (A , || · ||) be a Banach ring and I be an ideal of A . We define the
residue seminorm on A /I as follows.
|f | := inf{||g|| | g = f}
It is a seminorm. However, in general, it is not a norm. I is closed if the
residue seminorm is norm. When I is closed, A /I is a Banach ring by the
residue seminorm.
Now we suppose that (A , || · ||A ) and (B, || · ||B) are Banach rings.
Definition 2.7. Let ϕ : A → B be a ring homomorphism.
ϕ : A → B is bounded if there exists C > 0 such that
||ϕ(f)||B ≤ C||f ||A
for each f ∈ A .
ϕ : A → B is admissible if the residue seminorm of A / kerϕ coinsides
with the norm || · ||B of B through A / kerϕ ∼= Imϕ ⊂ B.
A bounded homomorphism is the most fundamental morphism between
two Banach rings. An admissible homomorphism is the bounded homomor-
phism which holds the fundamental theorem on homomorphisms as Banach
rings.
From now on, for two Banach rings A and B, ϕ : A → B means a
bounded homomorphism.
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Definition 2.8 (§1.2 of [Ber90]). Let A be a commutative Banach ring with
identity. The spectrum M (A ) is the set of all bounded multiplicative semi-
norms on A provided with the weakest topology with respect to which all
real valued functions on M (A ) of the form | · | 7→ |f |, f ∈ A , are contin-
uous.
Whenϕ : A → B is given, it induces the continuousmapϕ♯ : M (B)→
M (A ) defined by |f |ϕ♯(x) := |ϕ(f)|x for all f ∈ A for each x ∈ M (B).
Theorem 2.9 (Theorem1.2.1 of [Ber90]). Let A be a commutative Banach
ring with identity. The spectrum M (A ) is a nonempty, compact Hausdorff
space.
For x ∈ M (A ), we denote by px the kernel of | · |x. This is a prime ideal
of A and x defines a valuation x on A /px. More concretely,
|f |x := |f |x
for each f ∈ A . we also denote x by x. The completion of the fraction
field of A /px with respect to this valuation x is a complete valuation field
H (x). In this paper, we refer to H (x) as the Berkovich residue field of x
although this is not a common way to call it. By the way, the definition of
‘complete valuation field’ is as specified below.
Definition 2.10.
• A Banach field is the Banach ring which is a field.
• A complete valuation field is the commutative Banach field whose
norm is multiplicative.
• A non-Archimedean field is the complete valuation field whose norm
is non-Archimedean.
By this definition, a trivially valued field is a non-Archimedean field.
For complete valuation field k, we can see M (k) = {1pt} [Ber90].
Moreover, it is clear that any complete valuation field is a valuation field
in the algebraic sense.
For any complete valuation field k = (k, | · |), the value group of k is
defined by
|k×| := {|f | ∈ R | f ∈ k×(= k \ {0})}.
Further, we set√
|k×| := {a ∈ R≥0 | a
n ∈ |k×| for some n ∈ Z>0}.
Then |k×| is a Z-module and
√
|k×| is a Q-vector space by taking the loga-
rithm. It is clear that
√
|k×| ∼= |k×| ⊗Z Q.
We set x ∈ M (A ). we call dimQ
√
|H (x)×| the rational rank of x.
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From now on, we define the double residue field H˜ (x) in the sense of
Jonsson.
For x ∈ M (A ), we obtain the Berkovich residue field H (x). Then
H (x) is a valuation field in the algebraic sense. Therefore,
H (x)◦ := {f ∈ H (x) | |f |x ≤ 1}
is a valuation ring and
H (x)◦◦ := {f ∈ H (x) | |f |x < 1}
is its maximal ideal. Hence,
H˜ (x) := H (x)◦/H (x)◦◦
is a field. This H˜ (x) is the residue field of the valuation field H (x).
We compute H˜ (x) concretely when x is a monomial valuation which we
define later, among other cases.
On the other hand, H˜ (x) is computed concretely when x is a point of
the Shilov boundary of a strictly k-affinoid space (cf. Proposition 2.4.4 of
[Ber90]) or x is a point of the Berkovich affine line (cf. Proposition 2.3 of
[BR10]).
For any non-Archimedean field k, we also define k◦, k◦◦ and k˜ in the same
manner.
2.2. Berkovich analytifications.
Now we review the construction of Berkovich analytificationXan for any
schemeX of locally finite type over a non-Archimedean field k in the sense
of Berkovich[Ber90].
At first, we define the Banach ring corresponding to a closed disc.
Definition 2.11. Let (k, | · |) be a non-Archimedean field.
For r1, . . . , rn > 0, we set:
k{r−11 T1, . . . , r
−1
n Tn} := {f =
∑
I∈Zn≥0
aIT
I | aI ∈ k, |aI |r
I → 0 as |I| → 0},
where I = (i1, . . . , in), |I| = i1 + · · · + in, T I = T
i1
1 · · ·T
in
n and
rI = ri11 · · · r
in
n . This is a commutative Banach ring with respect to the
valuation ||f || = maxI |aI |rI . For brevity, this algebra will also be denoted
by k{r−1T}.
E(0, r) := M (k{r−1T}) is an analogue of the complex closed disc at
the origin with radii r = (r1, . . . , rn).
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Example 2.12. Let us assume that the valuation on k is trivial. If ri ≥ 1 for
all 1 ≤ i ≤ n, k{r−1T} coincides with the polynomial ring k[T1, . . . , Tn].
If ri < 1 for all 1 ≤ i ≤ n, k{r−1T} coincides with the ring of formal power
series k[[T1, . . . , Tn]].
By the definition of k{r−1T}, there is the natural admissible injection
k →֒ k{r−1T}. More generally, we define this property as follows.
Definition 2.13. A is a Banach k-algebra if there is the k →֒ A is admis-
sible injective.
From now on, we assume that ϕ : A → B for two Banach k-algebras is
compatible with the morphisms from k. Now we define the important class
of Banach k-algebra as follows.
Definition 2.14. Let A be a Banach k-algebra. A is k-affinoid if there
exists an admissible surjection k{r−1T}։ A .
Definition 2.15. X is k-affinoid space if X = M (A ) for some k-affinoid
algebra A .
Example 2.16. k{r−1T} is a typical example of a k-affinoid algebra. More-
over E(0, r) = M (k{r−1T}) which we saw above is a typical example of
a k-affinoid space.
We will make use of the following proposition later.
Proposition 2.17 (Proposition 2.1.3 of [Ber90]). Any k-affinoid algebra is
noetherian and all of its ideals are closed.
Definition 2.18. Let (A , | · |) be a k-affinoid algebra.
For r1, . . . , rn > 0, we set:
A {r−11 T1, . . . , r
−1
n Tn} := {f =
∑
I∈Zn≥0
aIT
I | aI ∈ A , |aI |r
I → 0 as |I| → 0},
where I = (i1, . . . , in), |I| = i1 + · · · + in, T I = T
i1
1 · · ·T
in
n and
rI = ri11 · · · r
in
n . This is a commutative Banach ring with respect to the
valuation ||f || = maxI |aI |rI . For brevity, this algebra will also be denoted
by A {r−1T}.
By the definition, there is the natural inclusion A → A {r−1T}. More-
over we can easily see that A {r−1T} is k-affinoid algebra.
Definition 2.19. Let A be a k-affinoid algebra. Let f = (f1, . . . , fn) and
g = (g1, . . . , gm) be sets of elements of A , and let p = (p1, . . . , pn) and q =
(q1, . . . , qm) be sets of positive numbers. Then we define A {p−1f, qg−1} as
follows.
A {p−1f, qg−1} := A {p−1T, qS}/(T1−f1, . . . , Tn−fn, g1S1−1, . . . , gmSm−1).
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In general, k-affinoid algebra is noetherian and all of its ideals are closed.
In particular, the quotient of k-affinoid algebra is k-affinoid. Therefore,
A {p−1f, qg−1} is k-affinoid.
The natural morphism A → A {p−1f, qg−1} induce the closed immer-
sion M (A {p−1f, qg−1}) →֒ M (A ). We set X = M (A ). Then,
X{p−1f, qg−1} := {x ∈ X | |fi|x ≤ pi, |gj|x ≥ qj , 1 ≤ i ≤ n, 1 ≤ j ≤ m}
which is a closed set ofX coinsides with M (A {p−1f, qg−1}) through this
closed immersion. Such affinoid spaces of the form X{p−1f, qg−1} are
called Laurent domains in X . We will make use of the following propo-
sition later.
Proposition 2.20 (§2.2 of [Ber90]). Let X be a k-affinoid space. The Lau-
rent neighborhoods of a point x ∈ X form a basis of closed neighborhoods
of x.
X = M (A ) has the structure sheaf OX that we will not define in detail.
In particular, it holds that A = OX(X). Then an open set U ⊂ X is a
locally ringed space. It is called k-quasiaffinoid space.
Roughly speaking, k-analytic spaces in the Berkovich sense are obtained
by glueing together k-quasiaffinoid spaces. k-analytic spaces have the struc-
ture sheaf by glueing together the structure sheaf of k-quasiaffinoid spaces.
Now, let us start to construct the Berkovich analytification concretely.
When X = Ank , the Berkovich analytification of X is denoted by
Xan :=
⋃
r∈Rn>0
E(0, r) =
⋃
r∈Rn>0
D(0, r),
where D(0, r) = {x ∈ E(0, r) | |Ti|x < ri, 1 ≤ i ≤ n}. D(0, r) is a
k-quasiaffinoid space as a open set in E(0, r). The structure of Xan as k-
analytic spaces is defined as follows.
There are natural open immersions D(0, r) →֒ Xan for each r ∈ Rn>0.
Moreover these two open immersions D(0, ri) →֒ Xan (i = 1, 2), where
r1 ≥ r2 which means r1 − r2 ∈ Rn≥0, are compatible with the natural open
immersionD(0, r2) →֒ D(0, r1). That is, the following diagram is commu-
tative.
D(0, r2) //
$$❏
❏❏
❏❏
❏❏
❏❏
D(0, r1)
zzttt
tt
tt
tt
Xan

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Next, letA is a finitely generated k-algebra. We setA ∼= k[T1, . . . , Tn]/I .
WhenX = SpecA, the Berkovich analytification of X is denoted by
Xan :=
⋃
r∈Rn>0
M (k{r−1T}/I · k{r−1T}).
The structure of Xan is defined in the similar way.
Finally, letX be a scheme of locally finite type over k. Then the Berkovich
analytificationXan is obtained by glueing together the k-analytic spacesUan
for each affine open set U ⊂ X .
Proposition 2.21. Let k be a non-Archimedean field. Now we set X as a
scheme of locally finite type over k. Then, there is a k-affinoid neighborhood
V = M (A ) ⊂ Xan of x for each x ∈ Xan.
Proof. By the construction of Xan, it is clear. 
Of course, we can take some k-quasiaffinoid neighborhood. However, it
does not mean that we can take some k-affinoid neiborhood. Indeed, we
sometimes cannot take any k-affinoid neiborhood at a point.
We can obtain the canonical continuous map πX : Xan → X defined
as follows. For each affine open set U ⊂ X , πX |Uan is defined by sending
multiplicative seminorms on A to their kernel which are prime ideals of A,
where U = SpecA.
The Berkovich analytification X 7→ Xan has many properties including
GAGA type theorems. We list some properties below.
Proposition 2.22 (§ 3 of [Ber90]). Let k be a non-Archimedean field. For
any morphism ϕ : X → Y between two varieties over k, there exists the
morphism ϕan : Xan → Y an as k-analytic spaces such that the following
diagram is commutative.
Xan
ϕan //
πX

Y an
πY

X
ϕ // Y
Proposition 2.23 (§ 3 of [Ber90]). Let ϕ and ϕan be morphisms as above.
The following hold.
• If ϕ is open immersion, then so is ϕan.
• If ϕ is closed immersion, then so is ϕan.
• If ϕ is surjective, then so is ϕan.
Proposition 2.24 (§ 3 of [Ber90]). LetX be a variety over k. The following
hold.
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• Xan is Hausdorff.
• Xan is arcwise connected.
• X is proper if and only if Xan is compact.
2.3. Centers.
LetX be a variety over a non-Archimedean field k. For x ∈ Xan, we will
define the center of x. Before that, we define a model of X .
Definition 2.25. In the above setting, a model X of X is a flat integral k◦-
scheme of finite type with the datum of an isomorphism X ×Speck◦ Speck ∼=
X .
Remark 2.26. WhenX is a projective variety, we can construct a projective
model ofX in the followingway. We consider a closed immersionX →֒ Pnk .
Since Pnk is an open set in P
n
k◦ , we can take X as the closure ofX in P
n
k◦ . On
the other hand, if k = k◦, a model of X is uniquely determined as X itself.
Nowwe consider the canonical morphism πX : Xan → X . The canonical
homomorphism κ(πX(x)) →֒ H (x) induces a morphism SpecH (x) →
X . Then, we obtain SpecH (x) → X → X . This morphism gives the
following diagram.
SpecH (x) //

X

SpecH (x)◦ //
88
Speck◦
This dotted arrow does not always exist. When it exists, we define the
center of x (in X ) as its image of the unique closed point of SpecH (x)◦.
It is denoted as cX (x). By the valuative criterion of separatedness [Har77],
such cX (x) is uniquely determined if it exists.
Moreover, the above diagram is factored as below.
SpecH (x) //

Spec κ(πX(x)) //

X

SpecH (x)◦ //
33
SpecRx //
77
Speck◦
The above Rx is defined by
Rx := {f ∈ κ(πX(x)) | |f |x ≤ 1}.
Remark 2.27. When X is a proper k◦-scheme, the center of x always exists
for any x ∈ Xan. It follows from the valuative cirterion of properness.
Now we describe the center of x in X more concretely. We suppose that
cX (x) ∈ SpecA ⊂ X .
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Then it holds that A→ Rx ⊂ H (x)◦.
Since κ(πX(x)) is a valuation field with respect to x in the algebraic sense,
Rx is valuation ring and
mx := {f ∈ κ(πX(x)) | |f |x < 1}
is its maximal ideal. Then the center of x is the point cX (x) ∈ SpecA given
by the inverse image of mx through the natural map A→ Rx.
In other words,
cX (x) := {f ∈ A | |f |x < 1} ∈ SpecA.
Now we get back to the topic. When x ∈ Xan is a valuation, the residue
field κ(πX(x)) coincides with the function field K(X). In other words, the
valuation x is defined on the function field K(X).
Therefore, for any affine open set U = SpecA ⊂ X , we see x ∈ Uan.
Indeed, since x is the valuation on A ⊂ K(X) whose restriction to k ⊂
A ⊂ K(X) is exactly the equipped valuation, we obtain x ∈ Uan by the
definition of Uan.
In particular, for any birationalmap f : Y 99K X between two k-varieties,
we can identify this valuation xwith x ∈ Y an. Indeed, since we may assume
that f |V : V ∼= U ⊂ X for some open affine set V ⊂ Y and x ∈ Uan, we
identify x with x ∈ V an ⊂ Y an through this f .
Further, when the center of x ∈ Xan in X exists and f : Y → X is a
proper birational morphism between two models, where X is a model of X
and Y is a model of Y , we can apply the valuative criterion of properness to
the following diagram.
SpecK(X) //

Y
f

SpecRx ϕx,X
//
ϕx,Y
::
X
Then we obtain the unique morphism ϕx,Y : SpecRx → Y ïĳŐ
We can identify this ϕx,Y with the morphism which appears when we
define cY(x) as above for x ∈ Y an.
Sinceϕx,X = f◦ϕx,Y , we obtain f(cY(x)) = cX (x) by chasing the unique
closed point of SpecRx.
In particular, there exists the inclusion κ(cX (x)) →֒ κ(cY(x)). It means
that the lifting of the center induces the extension of the residue field of the
center.
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3. Some basic properties of H˜ (x)
In this section, we see general properties of the Berkovich residue field
H (x) and the double residue field H˜ (x).
Proposition 3.1. LetA be a k-affinoid algebra. ThenH (x) forx ∈ M (A )
does not depend on the choice of Laurent neighborhood of x.
Proof. Let V = M (B) ⊂ M (A ) be a Laurent neiborhood of x. That is,
we may assume B = A {p−1f, qg−1}, where y(= x) ∈ X{p−1f, qg−1}. In
particular, it holds that |gJ |y 6= 0 for all J ∈ Zm≥0.
Then, there are bounded homomorphism ϕ : A → B and y ∈ M (B)
such that ϕ♯(y) = x. It is enough to show that the completion of A /px
coincides with the completion of B/py, where px is the kernel of x : A →
R and py is the kernel of y : B → R. Since ϕ♯(y) = x, ϕ : A → B
induces ϕ : A /px →֒ B/py.
Hence, it holds that
ι : Frac(A /px) ⊂ Frac(B/py).
By Proposition 2.17, the residue seminorm on a quotient ring of k-affinoid
algebra is a norm. Therefore, the residue norm on a quotient ring of k-
affinoid algebra can extend to the unique norm on the fraction field of this
quotient ring.
Since ϕ : A → B is admissible, so is ϕ : A /px →֒ B/py with respect
to their residue norms. For h ∈ B/py, we set h ∈ B = A {p−1f, qg−1} as
h =
∑
I,J
aIJf
Ig−J .
Then we set hn ∈ Frac(A /px) as
hn =
∑
|I|+|J |≤n
aIJf
I
(g)−J .
Since |gJ |y 6= 0, it implies (g)J 6= 0. Hence, hn is well-defined. Now let us
assumeB := B/py. Then it is clear that y induces a boundedmultiplicative
norm on B in a natural way. It is also denoted by y. Therefore,
|h− ι(hn)|y = |
∑
|I|+|J |>n
aIJf
I
(g)−J |y
≤ ||
∑
|I|+|J |>n
aIJf
I
(g)−J ||B ≤ ||
∑
|I|+|J |>n
aIJf
Ig−J ||B → 0
asn→∞. This convergence follows from the definition ofA {p−1f, qg−1}.
Since x is non-Archimedean, {hn}n is a Cauchy sequence. Indeed, it follows
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from
|hn − hm|x ≤ max{|ι(hn)− h|y, |h− ι(hm)|y}.
It implies that
B ⊂ ̂Frac(A /px),
where the right-hand side is the completion of Frac(A /px) with respect to
the norm induced by x. This follows from ι♯(y) = x.
Hence, it holds that
̂Frac(A /px) = ̂Frac(B/py),
where the left-hand side is the completion ofFrac(A /px)with respect to the
norm induced by x and the right-hand side is the completion of Frac(B/py)
with respect to the norm induced by y. In the end, the assertion follows. 
By Proposition 2.20, this means H (x) is a local object which depends
only on a point x of (good) k-analytic space. In particular, this proposition
and Proposition 2.21 imply that H (x) is a local object of Xan.
Next, we consider the case when X is the Berkovich analytification of
some k-variety.
Proposition 3.2. Let A be finitely gererated over non-Archimedean field k.
For x ∈ (SpecA)an, we suppose ker x = px. Then
H (x) = ̂Frac(A/px),
where the right-hand side is the completion of Frac(A/px) with respect to
the norm induced by x.
In other words, H (x) is the completion of the residue field κ(px) at px ∈
SpecA with respect to x.
Proof. We may assume A = k[T1, . . . , Tn]. Now we can take some E(0, r)
= M (k{r−1T}) such that x ∈ E(0, r). By Proposition 3.1, it is enough to
show the assertion for the case that H (x) is defined by x ∈ E(0, r).
It is clear that A →֒ k{r−1T} = A induces ι : A/px →֒ A /(pxA ).
For brevity A /(pxA ) is denoted by A /px. Indeed, it coincides with the
quotient ring A /px which appears when the definition of H (x).
For f ∈ A /px, we set f ∈ A = k{r−1T} as
f =
∑
I
aIT
I .
Then we set fn ∈ A as
fn =
∑
|I|≤n
aIT
I .
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Now x induces a bounded multiplicative norm on A /px in a natural way.
It is also denoted by x. Then,
|f − fn|x = |
∑
|I|>n
aIT
I
|x
≤ ||
∑
|I|>n
aIT
I
||A /px ≤ ||
∑
|I|>n
aIT
I ||A → 0
as n → ∞. This convergence follows from the definition of k{r−1T}. In
the similar way as the discussion of the above proposition, it implies that
{fn} is the Cauchy sequence whose limit is f .
Hence, the assertion follows. 
Corollary 3.3. Let X be a variety over non-Archimedean field k. We set
πX : X
an → X as before. Then, for any x ∈ Xan,
H (x) = ̂κ(πX(x)),
where the right-hand side is the completion of the residue field κ(πX(x)) at
πX(x) ∈ X with respect to x.
Proof. It follows from the above proposition. 
Let k be a non-Archimedean field. Let X be a model of k-variety X .
We set πX : Xan → X as before. We suppose x ∈ Xan. We recall the
definitions of the center cX (x) and the double residue field H˜ (x).
If cX (x) exists, there is the canonical inclusion
κ(cX (x)) ⊂ H˜ (x).
Let us assume that f : Y → X is a proper birational morphism and x ∈ Xan
is a valuation. Then, it holds that
κ(cX (x)) ⊂ κ(cY(x)) ⊂ H˜ (x).
In general, κ(cX (x)) 6= H˜ (x). However, by taking appropriate blow-up,
we can obtain Y which satisfies κ(cY(x)) = H˜ (x) in some situations. This
is the main theme of this paper.
In general, we obtain the following results.
Lemma 3.4. Let X be a variety over non-Archimedean field k. We set πX :
Xan → X as before. Then, for any x = | · | ∈ Xan, it holds that
H˜ (x) = ˜κ(πX(x)),
where the right-hand side is the residue field of the algebraic valuation field
κ(πX(x)) with respect to x.
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In particular, when x is a valuation, it holds that
H˜ (x) = K˜(X),
whereK(X) is the function field of X .
Proof. By the above corollary, for any f ∈ H (x)◦\H (x)◦◦ and any ε > 0,
there exists g ∈ κ(πX(x)) such that |f − g| < ε. Now we take ε < 1. Then,
we find that |g| = |f | = 1 and f = g ∈ ˜κ(πX(x)). In conclusion, we obtain
H˜ (x) = ˜κ(πX(x)).
In particular, when x is a valuation, κ(πX(x)) = K(X) implies the last
assertion. 
Theorem 3.5. Let X be a variety over a non-Archimedean field k. We sup-
pose that x ∈ Xan is a valuation and there exists a model X of X such that
cX (x) exists. Then, it follows that
H˜ (x) =
⋃
X
κ(cX (x)),
where X ranges over{
all blow-ups of X (if k = k◦).
all models of X in which cX (x) exists (if k 6= k
◦).
Proof. The right hand side means the union of the image of canonical inclu-
sions κ(cX (x)) →֒ H˜ (x). We may assume thatX is a model ofX which is
given by the assumption and cX (x) ∈ SpecA = U ⊂ X . It suffices to show
that for this model X , the following holds.
H˜ (x) =
⋃
π:X ′→X
κ(cX ′(x)),
where π ranges over all blow-ups. By the above lemma, we obtain
H˜ (x) = K˜(X),
where K˜(X) is defined by taking the residue field of the valuation field
K(X) in the algebraic sense with respect to x in the same way as H˜ (x).
Now for each f = g/h ∈ H˜ (x) \ κ (cX (x)), where g, h ∈ A, we set
I = (g, h) ⊂ A which is an ideal of A. Then, there is an ideal sheaf I on
X such that I˜ = I |U [Har77] . Now we consider the blow-up π of X along
I . That is,
π : X ′ = BlIX → X .
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X ′ has an open affine scheme U ′ = SpecA[g/h]. Now, |g|x = |h|x follows
from f = g/h ∈ H˜ (x). We set A[g/h] = A′. Then it holds A′ ⊂ Rx. It
implies cX ′(x) ∈ SpecA′. Then, it is clear that
g/h ∈ A′/cX ′(x) ⊂ κ(cX ′(x)).
Thus the natural inclusion κ(cX ′(x)) →֒ H˜ (x) sends g/h to f . It implies
the assertion when k is a trivially valued field.
When k 6= k◦, there exists a ∈ k◦ such that |a|x ∈ (0, 1). Then it holds
that |al|x ≤ |g|x = |h|x for some l ∈ Z≥0. By taking I = (g, h, al) ⊂
A instead of (g, h), the above π : X ′ → X holds the condition that X ′
is a model of X . Indeed, V (I ) ∩ X = ∅ since al ∈ k◦ is a unit in k.
Hence, X ′ ×Speck◦ Speck ∼= X . Moreover, X ′ has an open affine scheme
U ′ = SpecA[g/h, al/h]. Since |al/h|x ≤ 1, it holds that A[g/h, al/h] ⊂
Rx. It means that cX ′(x) ∈ SpecA[g/h, al/h]. Therefore, the last assertion
holds. 
Remark 3.6. In the above situation, if k is a trivially valued field, X is the
unique model of X . When we consider a blow-up π : X ′ → X , X ′ is no
longer a model of X . To include such X ′, we state that X ranges over not
only all models in which cX (x) exists but also blow-ups of such models.
For the sake of the formulation of H˜ (x)without fixing amodel, the above
statement is a little vague. However, we can state it more specifically oncewe
fix a model. As you saw in the above discussion, the following was essential.
Corollary 3.7. In the same situation, we fix a model X such that cX (x)
exists. Then, it holds that
H˜ (x) =
⋃
π:X ′→X
κ(cX ′(x)),
where π ranges over all blow-ups. Moreover, if k 6= k◦, we can impose the
condition that X ′ is a model of X on this π.
Proof. It follows from the discussion in the above proof. 
Corollary 3.8. In the same situation, we assume that H˜ (x) is finitely gen-
erated over the residue field κ(cX (x)) as a field.
Then, there exists some blow-up π : X ′ → X such that
H˜ (x) = κ(cX ′(x)).
Moreover, if k 6= k◦, we can impose the condition that X ′ is a model of X
on this π.
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Proof. By the assumption, we can see that
H˜ (x) = κ(cX (x))(f1, . . . , fn) for some f1, . . . , fn ∈ H˜ (x).
In the similar way as the above, we set fi = gi/hi, where gi, hi ∈ A. First,
we set I1 = (g1, h1) ⊂ A which is an ideal of A. Then there is an ideal
sheaf I1 on X such that I˜1 = I1|U in the same way as the above. Now we
consider the blow-up π1 of X along I1. That is,
π1 : X1 = BlI1X → X .
X1 has the open affine scheme U1 = SpecA[g1/h1]. We set A[g1/h1] = A1.
Then it holds cX1(x) ∈ SpecA1 in the same way. Then, it is clear that
f1 ∈ κ(cX1(x)).
Further, it holds κ(cX (x)) ⊂ κ(cX1(x)).
Next, we replace A by A1 and I1 by I2 = (g2, h2) ⊂ A1 which is an ideal
of A1. Then, in the same way as the above, we obtain the following.
π2 : X2 = BlI2X1 → X1,
f2 ∈ κ(cX2(x)),
κ(cX1(x)) ⊂ κ(cX2(x)).
Inductively, we obtain the following for each i = 1, . . . , n− 1.
πi+1 : Xi+1 = BlIi+1Xi → Xi,
fi+1 ∈ κ(cXi+1(x)),
κ(cXi(x)) ⊂ κ(cXi+1(x)).
Hence π = πn ◦ · · · ◦ π1 : Xn → X is the blow-up which satisfies
fi ∈ κ(cXn(x))
for all i. Since κ(cX (x)) ⊂ κ(cXn(x)), it holds κ(cXn(x)) = H˜ (x). The
last assertion holds by replacing Ii in the similar manner as the latter half
of the proof of the Theorem 3.5. 
In Theorem 3.5, the existence of a model is crucial. If X or k◦ satisfy
some conditions, such a model always exists. The followings are results
concerning such conditions.
Corollary 3.9. Let X be a projective variety over a non-Archimedean field
k. For any valuation x ∈ Xan, it holds that
H˜ (x) =
⋃
X
κ(cX (x)),
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where X ranges over{
all blow-ups of X (if k = k◦).
all projective models of X (if k 6= k◦).
Proof. Since X is projective, we can take some projective model X of X
as Remark 2.26. For any projective model X , cX (x) always exists by the
valuative criterion of properness. Hence, the assertion holds if k is a trivially
valued field. If k 6= k◦, we obtain the following by applying Corollary 3.7
after fixing the above model X .
H˜ (x) =
⋃
π:X ′→X
κ(cX ′(x)),
where π ranges over all blow-ups such that X ′ is also a model of X . Since
blow-up π of projective k◦-variety X is projective, X ′ is also projective.
Hence, the last assertion holds. 
Corollary 3.10. LetX be a proper variety over a non-Archimedean field k.
We assume that k◦ is a DVR (not a field). For any valuation x ∈ Xan, it
holds that
H˜ (x) =
⋃
X
κ(cX (x)),
where X ranges over all proper models of X .
Proof. Since k◦ is a DVR, k is finitely generated over k◦. HenceX is integral
scheme of finite type over Noetherian integral scheme Speck◦. Therefore we
can take some proper k◦-variety X such that X →֒ X is a open immersion
as k◦-scheme by Nagata compactification [Nag62]. Then X → Speck◦ is
surjective by the valuative criterion of properness. Since k◦ is one dimen-
sional, X → Speck◦ is flat. Now X →֒ Xk := X ×Speck◦ Speck is an
open immersion. Since X → Speck◦ is proper, Xk → Speck is also proper.
These give the following diagram.
X
open //
proper ""❊
❊❊
❊❊
❊❊
❊❊
Xk
proper

Speck
It follows from the above diagram that X →֒ Xk is proper. In particular, X
is open and closed in Xk. Since Xk is integral, it holds thatX = Xk. Hence
X is a proper model ofX .
For any proper modelX , cX (x) always exists by the valuative criterion of
properness. Since k 6= k◦, we obtain the following by applying Corollary
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3.7 after fixing the above model X .
H˜ (x) =
⋃
π:X ′→X
κ(cX ′(x)),
where π ranges over all blow-ups such that X ′ is also a model of X . Since
blow-up π is proper, X ′ is also proper. Hence, the assertion holds. 
We assume that k◦ is a DVR. LetX be a variety over k. Then we can take
proper k-variety Y such that X →֒ Y is an open immersion as k-scheme
by Nagata compactification. We fix such Y . Now we can regard x ∈ Xan
as an element of Y an through Xan →֒ Y an. Then it follows from the above
Corollary that for any valuation x ∈ Xan,
H˜ (x) =
⋃
Y
κ(cY(x)),
where Y ranges over all proper models of Y . For any compactification Y of
X , the same result holds. Hence, we can rephrase it as follows.
For any valuation x ∈ Xan, it holds that
H˜ (x) =
⋃
Y
κ(cY(x)),
where Y ranges over all proper models of all compactifications Y ofX .
4. H˜ (x) for monomial valuations
In this section, we consider monomial valuations.
We give two different definitions of monomial valuations. We consider
the case when the base field k is a trivially valued field.
The first one is the following.
Definition 4.1 (Monomial valuation on a polynomial ring). Let k be a field.
Let us assume that A = k[X1, . . . , Xn]. Then, a monomial valuation | · | on
A is defined as below.
There are positive real numbers r1, . . . , rn such that for any
f =
∑
I∈Zn
≥0
aIX
I ∈ k[X1, . . . , Xn],
| · | returns the following values.
|f | := max
aI 6=0
rI ,
where I = (i1, . . . , in), aI ∈ k, XI = X
i1
1 · · ·X
in
n and r
I = ri11 · · · r
in
n .
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Thismonomial valuation is an element of (SpecA)an, where k is a trivially
valued field.
Since this definition is too restrictive, we want to define monomial valu-
ation more generally. Then we make use of Cohen’s structure theorem.
Definition 4.2 (Monomial valuation on a nonsingular point of variety). Let
k be a field with the trivial norm. Let X be a variety over k. Let p ∈ X be
a nonsingular point. (We do not assume that p ∈ X is a closed point.)
By using Cohen’s structure theorem, there exists the inclusion κ(p) →֒
OX,p (which is not unique) such that for (f1, . . . , fm) which is a system of
algebraic coordinates at a point p ∈ X , we obtain the following isomor-
phism as κ(p)-algebra to the ring of formal power series.
ÔX,p ∼= κ(p)[[t1, . . . , tm]],
where this isomorphism sends fi to ti and depends on the choice of the em-
bedding of the residue field κ(p) →֒ OX,p.
In the above situation, a monomial valuation | · | on a nonsingular point
p ∈ X is defined as follows.
There are positive real numbers r1, . . . , rn which are less than 1 such that
for each
f =
∑
I∈Zm≥0
aIf
I ∈ OX,p ⊂ κ(p)[[f1, . . . , fm]],
| · | returns the following values.
|f | := max
aI 6=0
|rI |,
where I = (i1, . . . , im), aI ∈ κ(p), f I = f
i1
1 · · ·f
im
m and r
I = ri11 · · · r
im
m .
At a glance, this definition depends on the choice of algebraic coordinates
at p ∈ X , their values and the embedding of the residue field. However it
does not depend on the choice of the embedding of the residue field [JM10].
Then it is clear that cX(x) = p.
Now we state a key lemma for monomial valuations.
Lemma 4.3. Let x = | · | be a monomial valuation on the polynomial ring
k[X1, . . . , Xn]. We suppose that
√
|H (x)×| ∼= Qr.
Then, H˜ (x) is the rational function field ofn−r variables over k. Further
we can give a concrete description of generators.
Proof. We define the homomorphism ϕ : Zn → |H (x)×| by
I = (i1, . . . , in) 7→ |X
I | = |X i11 · · ·X
in
n |.
First of all, we see that ϕ is surjective.
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Since H (x) is the completion of k(X1, . . . , Xn) with respect to x, for
any f ∈ H (x) and any ε > 0, there exists g ∈ k(X1, . . . , Xn) such that
|f − g| < ε. Now we take ε such that ε < |f |. Then |f | = |g| holds since x
is non Archimedean. Hence it holds that |k(X1, . . . , Xn)×| = |H (x)×|.
As x is amonomial valuation, for f =
∑
aIX
I ∈ k[X1, . . . , Xn], we have
|f | = max{|XI | ∈ R| aI 6= 0}. So |k(X1, . . . , Xn)×| = Imϕ. Therefore ϕ
is surjective. It follows that the sequence as below is exact.
0→ kerϕ→ Zn → |H (x)×| → 0
It implies that kerϕ is a free Z-module since it is the submodule ofZn which
is a free Z-module. Furthermore, it holds that kerϕ ∼= Zn−r because of the
above exact sequence and the isomorphism
√
|H (x)×| ∼= Qr.
Then we show that
H˜ (x) = Frac(k[kerϕ]),
where k[kerϕ] is the group ring defined by kerϕ ∋ I 7→ XI .
In particular, there is the natural inclusion k[kerϕ] ⊂ k(X1, . . . , Xn)◦,
where the right-hand side is the valuation ring of the algebraic valuation
field k(X1, . . . , Xn) with respect to x. Then it implies k[kerϕ] → H˜ (x).
Moreover it is clear that this morphism is injective. Hence we have the nat-
ural inclusion Frac(k[kerϕ]) ⊂ H˜ (x).
Therefore we have to show H˜ (x) ⊂ Frac(k[kerϕ]). By Lemma 3.4, we
obtain H˜ (x) = ˜k(X1, . . . , Xn).
Nowwe can write any element in H˜ (x) as f , where f ∈ k(X1, . . . , Xn)◦.
Let us choose g, h ∈ k[X1, . . . , Xn] with f = g/h. Now we can write
g =
∑
aIX
I . If aIXI satisfies |aIXI | < |g|, then(
aIXI
h
)
= 0.
So we have
f =
∑
|aIXI |=|g|
(
aIXI
h
)
.
Hence it is enough to show thatXI/h ∈ Frac(k[kerϕ]) holds for eachXI/h
such that |XI | = |h|. Then we may assume |XI/h| = 1. It means that
XI/h 6= 0. Since Frac(k[kerϕ]) is a field, it is enough to show that h/XI ∈
Frac(k[kerϕ]). If we write h =
∑
bJX
J , then, in the same way,(
h
XI
)
=
∑
|bJXJ |=|XI |
(
bJXJ
XI
)
=
∑
|XJ−I |=1
bJXJ−I .
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SinceXJ−I ∈ k[kerϕ], it follows that h/XI ∈ Frac(k[kerϕ]). Thus it holds
that H˜ (x) = Frac(k[kerϕ]).
Furthermore, we can see the following isomorphism
k[kerϕ] ∼= k[Y1, . . . , Yn−r]Y1···Yn−r = k[Y
±
1 , . . . , Y
±
n−r]
as we saw kerϕ ∼= Zn−r earlier.
Hence it follows that H˜ (x) is a rational function field of n− r variables
over k. 
This is the result for monomial valuations on the affine space. In Lemma
5.8 of [Ber99], this is mentioned abstractly for any non-Archimedean field
k. However, H˜ (x) is not computed explicitly. This theorem means that we
compute it explicitly at least when k is a trivially valued field.
In contrast with its looks, this gives many applications to us.
The following is important.
Corollary 4.4. In the above situation, if there exists the center of x in X =
Ank (that is, the value of coordinate ri is not greater than 1 for all i), there
exists a blow-up π : X ′ → X such that
H˜ (x) = κ(cX′(x)).
Proof. It follows from Lemma 4.3 and Corollary 3.8. 
Corollary 4.5. In the above conditions, the transcendental degree of H˜ (x)
over k is n− r.
Proof. From the above discussion,we saw that H˜ (x) is a rational function
field of n− r variables over k. Hence it is clear. 
In general, for valuation x, the following holds.
dimQ
√
|H (x)×|+ trdegkH˜ (x) ≤ dimX
This is called the Abhyankar inequality.(cf. [Ste17] and [Abh56]) We call x
an Abhyankar valuation when the equality is achieved.
This corollary implies that monomial valuations are Abhyankar valua-
tions since dimQ
√
|H (x)×| = r, trdegkH˜ (x) = n − r and dimX = n
hold.
Now, we can extend Corollary 4.4 to monomial valuations on a nonsin-
gular point as follows.
Theorem 4.6. Let k be a trivially valued field. Let X be a variety over k.
Let p ∈ X be a nonsingular point. Let x ∈ Xan be a monomial valuation
on p ∈ X .
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Then, H˜ (x) is finitely gererated over κ(cX(x)) as a field. Further we can
give the concrete description and there exists some blow-up π : X ′ → X
such that
H˜ (x) = κ(cX′(x)).
Proof. We suppose that
√
|H (x)×| ∼= Qr and dimOX,p = m. Since x ∈
Xan is a monomial valuation on p ∈ X , x is defined as follows.
We take the (f1, . . . , fm) which is a system of algebraic coordinates at a
nonsingular point p ∈ X and fix the following isomorphism as κ(p)-algebra
to the ring of formal power series.
ÔX,p ∼= κ(p)[[t1, . . . , tm]],
where this isomorphism sends fi to ti. In addition, we also fix the positive
real numbers r1, . . . , rn which are less than 1. Then x gives the values
|f | := max
aI 6=0
|rI |,
for each
f =
∑
I∈Zm≥0
aIf
I ∈ OX,p ⊂ κ(p)[[f1, . . . , fm]].
Now we set A := κ(p)[f1, . . . , fm] ⊂ OX,p, Y = SpecA and y = x|A. In
the similar way as Lemma 3.4, we obtain H˜ (y) = H˜ (x). Moreover A →֒
OX,p implies κ(cY (y)) ⊂ κ(cX(x)). NowA is isomorphic to the polynomial
ring over κ(p). That is, A ∼= κ(p)[t1, . . . , tm]. Then, we can regard y as
a monomial valuation on A in the first definition of monomial valuations.
Hence we can apply Lemma 4.3 for A. It implies that H˜ (x) is the rational
function field of m − r variables over κ(cY (y)). In particular, H˜ (y) is
finitely generated over κ(cY (y)) as a field. Since κ(cY (y)) ⊂ κ(cX(x)), it
follows that H˜ (x) is finitely generated over κ(cX(x)) as a field.
Finally, we can construct the blow-up π : X ′ → X such that
H˜ (x) = κ(cX′(x))
by Corollary 3.8. 
5. Quotient Singularities and H˜ (x)
In the previous section, we defined amonomial valuation on a nonsingular
point. Then, we want to consider a monomial valuation on a singular point.
Let us consider quotient singularities.
Definition 5.1. Let X be a variety over a field k. Let G be a finite group. G
acts on X if there is a group homomorphismG→ Aut(X).
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For brevity, we identify σ ∈ G with its image by the above homomor-
phism.
Definition 5.2. Let k be a non-Archimedean field. Let X be a variety over
k. Let G be the finite group acting on X . We suppose that x ∈ Xan is a
valuation. Then x is G-invariant if it satisfies the following.
|f |x = |σ
♯(f)|x
∀f ∈ K(X), ∀σ ∈ G,
where the ring isomorphism σ♯ : K(X) → K(X) is induced by the mor-
phism σ : X → X . It means that x = σan(x) holds for all σ ∈ G, where
the morphism σan : Xan → Xan is induced by the morphism σ : X → X
through Proposition 2.22.
From now on, we consider the specific case as below.
We suppose that k is a trivially valued field. Let X be a variety over k.
Let G be a finite group acting onX . Let p ∈ X be a nonsingular point. Let
x ∈ Xan be a G-invariant monomial valuation on p ∈ X .
Lemma 5.3. In the above situation, p ∈ X is a fixed point of G.
Proof. Each σ ∈ G gives the k-isomorphism σ : X → X . Nowwe consider
the morphism ι : SpecK(X) → X induced by ι♯ = id : OX,η = K(X) →
K(X), where η is the generic point of X .
Then we obtain the following diagram.
SpecK(X)
ι //

X

∼=
σ // X
||②②
②②
②②
②②
②
SpecRx // Speck
Now σ(p) is defined by the image of the closed point of SpecRx through
the following diagram.
SpecK(X)
ι //

X
σ // X
||②②
②②
②②
②②
②
SpecRx //
88qqqqqqqqqqqq
44
Speck
On the other hand, the valuation σan(x) is defined as follows.
|f |σan(x) := |σ
♯(f)|x for any f ∈ K(X).
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This implies that we identify σ(p) as the image of the closed point of
SpecRσan(x) through the following diagram.
SpecK(X)
ι //

X

SpecRσan(x)
88
// Speck
Since x is G-invariant, then it holds that Rx = Rσan(x) in K(X). It means
that the above diagram coincides with the following.
SpecK(X)
ι //

X

SpecRx
88qqqqqqqqqqqq
// Speck
In this way, we obtain
the two morphisms SpecRx → X which make the following diagram
commutative.
SpecK(X)
ι //

X

SpecRx //
88qqqqqqqqqqqq
88qqqqqqqqqqqq
Speck
One is the morphism by which the closed point of SpecRx is sent to p ∈ X .
The other is the morphism by which the closed point of SpecRx is sent to
σ(p) ∈ X . Since X is separated, these two morphisms are the same by the
valuative criterion of separatedness.
In other words, it implies p = σ(p).
Hence, the assertion follows. 
Moreover, the following holds.
Lemma 5.4. In the same situation as above, we can take some affine open
setU ⊂ X such thatU is stable under the group actions ofG andU contains
p ∈ X as a fixed point of G.
Proof. Any σ ∈ G corresponds with the k-isomorphism σ : X → X . In
particular, σ is an affine morphism. Now we take some open affine neigh-
borhood V ⊂ X of p ∈ X . Then we set
U :=
⋂
σ∈G
σ−1(V ).
Since σ is an affine morphism, σ−1(V ) is affine. Moreover p ∈ σ−1(V )
holds since p is a fixed point by the above lemma. Since X is separated
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and G is finite, it implies that U is an affine neighborhood of p ∈ X . By
the definition of U , it is clear that U is stable under G. Hence the assertion
follows. 
This lemma implies that G acts on the affine variety U . Hence, we can
take the geometric quotient φ : U → U/G for this affine neighborhood U
of p ∈ X . If U = SpecA, then the above morphism is given by the natural
inclusion AG →֒ A, where AG is the invariant ring of G-actions on A.
Any quotient singularity is described as φ(p) by taking suitableX ,p ∈ X
and φ : U → U/G in the same way.
The following is well-known.
Proposition 5.5 (cf. Proposition 6.2 of [Muk03]). We suppose that a lin-
early reductive algebraic groupG acts on an affine varietyX , and that there
exists a stable point for the action. Then every invariant rational function
can be expressed as a ratio of invariant regular functions. In other words,
K(X)G coincides with the field of fractions of K(X/G).
In particular, we make use of the following.
Corollary 5.6. We suppose that a finite group G acts on an affine variety
X . Then, it holds that
K(X)G = K(X/G).
Proof. It is well-known that a finite group is linearly reductive. Hence, the
assertion follows from the above proposition. However, we can also prove
this directly as follows.
K(XG) ⊂ K(X)G is trivial. We show that K(X)G ⊂ K(XG). We
suppose that X = SpecA. For f/g ∈ K(X)G such that f, g ∈ A, we take
h :=
∏
σ∈G
σ(g).
Then it is clear that h ∈ AG and f/g · h ∈ AG. Hence, it holds that
f/g = (f/g · h)/h ∈ K(XG).

Finally, we obtain the following theorem.
Theorem 5.7. We suppose that k is a trivially valued field. Let X be a
variety over k. Let p ∈ X be a nonsingular point. Let G be a finite group
acting on X whose order is relatively prime to the characteristic of k. Let
x ∈ Xan be a G-invariant monomial valuation on p ∈ X . We take U as
Lemma 5.4. We suppose that φ : U → U/G is the geometric quotient and
φan(x) = y ∈ (U/G)an.
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Then, it follows that
H˜ (x)
G
= H˜ (y).
Proof. In short, this proof is obtained by refining the proof of Corollary 3.8.
By Lemma 5.4, for this open affine neighborhood SpecA ∼= U ⊂ X of
p ∈ X , we see that U is stable underG. Since x is a monomial valuation on
p ∈ X , it follows that
H˜ (x) = κ(cX(x))(s1, . . . , sr) for some s1, . . . , sr ∈ H˜ (x).
In the similar way as Corollary 3.8, we set si = fi/gi, where fi, gi ∈ A.
Now we may assume that |fi| = |gi| =: ri < 1. Indeed, if ri = 1, then
fi/gi ∈ Frac(A/cX(x)) = κ(cX(x)) holds. We may assume that the order
ofG is n. By the construction of A, G acts on A. That is, each σ ∈ G gives
isomorphism σ : A→ A.
First, we set I1 = (f1, g1) ⊂ A which is an ideal of A. For this I1, we
define J1 as follows.
J1 := GI1 ∩ B1 ⊂ A,
where
GI1 :=
∑
σ∈G
σ(I1), B1 := {f ∈ A | |f |x ≤ r
n
1}.
It is clear that GI1 is an ideal of A. Since x is non-Archimedean and
A ⊂ Rx, we find B1 is also an ideal of A. Therefore J1 is also an ideal of
A. Since x is G-invariant, G acts on J1. We set J1 = (a11, . . . , a1m1) ⊂ A.
Now we suppose
h1 :=
∏
σ∈G
σ(g1) ∈ A.
Then it is clear that h1/g1 ∈ A.
In the similar way as Corollary 3.8, there is an ideal sheaf J1 onX such
that J˜1 = J1|U . Now we consider the blow-up π1 of X along J1. That is,
π1 : X1 = BlJ1X → X.
X1 has the open affine scheme U1 = SpecA1, where
A1 := A
[
a11
h1
, . . . ,
a1m1
h1
]
.
Indeed, we can take this affine open set U1 as follows.
We obtain the following diagram by the properties of blow-up.
BlJ1U
 
open
//
π1

X1
π1

U 
 open // X
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Then
U1 := D+(h1) ⊂ X1
is the open affine set of BlJ1X which is described as above.
Now we can easily see that A1 ⊂ Rx, G acts on A1 and
f1
g1
=
f1 · (h1/g1)
h1
∈ A1.
Indeed, f1 · (h1/g1) ∈ J1 implies the last condition.
In the same way, we set
I2 := (f2, g2)A1,
B2 := {f ∈ A1 | |f |x ≤ r
n
2},
J2 := GI2 ∩ B2 = (a21, . . . , a2m2),
h2 :=
∏
σ∈G
σ(g2) ∈ A ⊂ A1.
Moreover, we set J2 an ideal sheaf on X1 such that J˜2 = J2|U1 . We
consider the following blow-up in the same way.
π2 : X2 = BlJ2X1 → X1.
Then we can take the open affine set U2 = SpecA2 of X2, where
A2 := A1
[
a21
h2
, . . . ,
a2m2
h2
]
.
It implies that A2 ⊂ Rx, G acts on A2 and
f2
g2
=
f2 · (h2/g2)
h2
∈ A2.
Inductively, we can construct the blow-up π = πr ◦ · · · ◦ π1 : Xr → X1
and take the open affine set Ur = SpecAr of Xr, where
Ar := Ar−1
[
ar1
hr
, . . . ,
armr
hr
]
.
It satisfies that Ar ⊂ Rx, G acts on Ar and fi/gi ∈ Ar for all i.
Now we can write cXr(x) as mx ∩Ar ∈ Ur. Hence,
Frac(Ar/mx ∩Ar) = κ(cXr(x)).
Since κ(cX(x)) ⊂ κ(cXr(x)) and fi/gi ∈ κ(cXr(x)) for each i, it holds that
κ(cXr(x)) = H˜ (x).
By Corollary 5.6, it follows that
Frac(A)G = Frac(AG).
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Hence it follows that AGr → Frac(A)
G = Frac(AG). Further, AGr ⊂ Ry
follows from AGr ⊂ Rx. Now, we define c
G
r (y) as the center of y in Ur/G.
Then we obtain the following diagram.
AGr
  //

H (y)◦

Frac(AGr /c
G
r (y))
  // H˜ (y)
It is clear that H˜ (y) ⊂ H˜ (x)
G
.
Hence it is enough to show that H˜ (x)
G
⊂ H˜ (y).
For brevity, we redefine cr(x) as the center of x in Ur. That is, cr(x) =
cXr(x). Then we consider the following diagram.
AGr //
∃ %%
Ar/cr(x)
(Ar/cr(x))
G
?
OO
It implies
AGr /c
G
r (y)
∼= (Ar/cr(x))
G.
Indeed, it is injective since cGr (y) = A
G
r ∩ my = A
G
r ∩ cr(x). On the other
hand, the surjectivity follows as below.
For each f ∈ (Ar/cr(x))G, where f ∈ Ar, we can take
f ′ :=
1
n
∑
σ∈G
σ(f) ∈ AGr ,
where 1/n ∈ k since n is relatively prime to the characteristic of k.
Then, it follows that f ′ = f . Hence, it is surjective.
Now, we suppose B := Ar/cr(x). Then Frac(B)G = Frac(BG) follows
from Corollary 5.6.
By the above discussion, it follows that
Frac(B) = H˜ (x), and Frac(BG) ⊂ H˜ (y).
Therefore, it follows that
H˜ (x)
G
⊂ H˜ (y).

Corollary 5.8. In the above situation, we suppose that
dimX − dimQ
√
|H (x)×| = 1.
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If p ∈ X is a closed point whose residue field is k, then H˜ (y) is the rational
function field over k of dimension 1.
Proof. By Theorem 5.7, it holds that
k ⊂ H˜ (y) = H˜ (x)
G
⊂ H˜ (x).
By the proof of Theorem 4.6, H˜ (x) is the rational function field over k of
dimension 1. Hence, by applying the Lu¨roth Theorem, H˜ (y) is also the
rational function field over k of dimension 1. 
In the same way as above, by applying well-known results for the Lu¨roth
problem, the following also holds.
Corollary 5.9. In the above situation, we suppose that
dimX − dimQ
√
|H (x)×| = 2.
If p ∈ X is a closed point, and k is an algebraically closed field of char-
acteristic 0, then H˜ (y) is the rational function field over k of dimension
2.
Proof. The proof is exactly the same as above. By Theorem 5.7, it holds that
k ⊂ H˜ (y) = H˜ (x)
G
⊂ H˜ (x).
By the proof of Theorem 4.6, H˜ (x) is the rational function field over k of
dimension 2. Hence, by applying the result for the Lu¨roth Problem, H˜ (y)
is also the rational function field over k of dimension 2. 
6. Quasi monomial valuations and H˜ (x)
In §4, 5, we only considered the case when the base field is a trivially
valued field. In this section, we consider the case when the base fieldK is a
complete DVF. We suppose that R is the complete DVR of K and k is the
residue field ofK. We assume that the characteristic of k is 0. Then, Cohen’s
structure theorem implies the isomorphism R ∼= k[[̟]]. In particular, we
obtain the injection k →֒ R. Now we regard K as a non-Archimedean field
by the valuation uniquely determined by |̟| = exp(−1).
We writeS := SpecR. We prepare the following terminology as [BFJ14].
Definition 6.1. X is an S-variety if it is a flat integral S-scheme of finite
type. We denote by X0 its central fibre and by XK its general fibre.
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Definition 6.2. Let X be an S-variety. An ideal sheaf I on X is vertical if
it is co-supported on the central fibre.
A vertical blow-up X ′ → X is the normalized blow-up along a vertical
ideal sheaf.
Given an S-variety X , let {Ei}i∈I be the finite set of irreducible compo-
nents of its central fibre X0. We endow each Ei with the reduced scheme
structure. For each subset J ⊂ I , we set
EJ :=
⋂
j∈J
Ej .
Definition 6.3. Let X be an S-variety. X is SNC if it satisfies the following.
(1) the central fibre X0 has normal crossing support,
(2) EJ is irreducible (or empty) for each J ⊂ I .
Condition (1) is equivalent to the following two conditions. First, X is
regular. Given a point ξ ∈ X0, let Iξ ⊂ I be the set of indices i ∈ I for
which ξ ∈ Ei, and we pick a local equation zi ∈ OX ,ξ of Ei at ξ for each
i ∈ Iξ. Then we also impose that {zi | i ∈ Iξ} can be completed to a regular
system of parameters of OX ,ξ.
Condition (2) depends on the literatures. It is not imposed in the usual def-
inition of a simple normal crossing divisor, however, can always be achieved
from (1) by further blow-up along components of the possibly non-connected
EJ ’s.
We denote byDiv0(X ) the group of vertical Cartier divisors onX . When
X is normal, we can see that Div0(X ) is a free Z-module of finite rank.
We often make use of the following.
Theorem 6.4 (cf. Theorem 1.1 of [Tem08]). For any S-variety X with
smooth generic fibre, there exists a vertical blow-up X ′ → X such that
X ′ is SNC.
LetX be a smooth connected projectiveK-analytic space in the sense of
Berkovich. In other words, for some smooth projectiveK-variety Y , we can
identifyX with Y an.
Definition 6.5. S-variety X is a model ofX if it is a normal and projective
S-variety together with the datum of an isomorphism X anK ∼= X .
We note that X is a model of XK in the sense of Definition 2.25.
We denote by MX the set of models of X . Then, MX is non empty.
Indeed, given an embedding Y into a suitable projective space PmK we can
takeX as the normalization of the closure ofY inPmS . A similar construction
shows thatMX becomes a directed set by declaring X ′ ≥ X if there exists
a vertical blow-up X ′ → X .
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For any model X ofX and any x ∈ X , we can define the center cX (x) of
x in the similar way as before. That is, we consider the following diagram.
Spec κ(πX (x)) //

X

SpecRx //
88
S
Then cX (x) ∈ X is obtained by the image of the closed point of SpecRx.
More precisely, we can easily see that cX (x) ∈ X0.
Let X be an SNC model ofX . We can write the central fibre as
X0 =
∑
i∈I
miEi,
where (Ei)i∈I are irreducible components.
Then, it follows that
Div0(X ) =
⊕
i∈I
ZEi.
We set
Div0(X )
∗
R := Hom(Div0(X ),Z)⊗Z R.
We denote by E∗i the dual element of Ei and we set
ei :=
1
mi
E∗i .
For each J ⊂ I such that EJ 6= ∅, let σˆJ ⊂ Div0(X )∗R be the simplicial
cone defined by
σˆJ :=
∑
j∈J
R≥0ej .
We fix the basis of Div0(X )∗R as above. That is, s = (sj) ∈ σˆJ means
s =
∑
sjej . These cones naturally defines a fan ∆ˆX in Div0(X )∗R.
We define the dual complex of X by
∆X := ∆ˆX ∩ {〈X0, ·〉 = 1},
where 〈·, ·〉 is the natural bilinear form on Div0(X )∗R.
Each J ⊂ I such that EJ 6= ∅ corresponds to a simplicial face
σJ := σˆJ ∩ {〈X0, ·〉 = 1} = Conv{ej | j ∈ J}
of dimension |J | − 1 in∆X , where Conv denotes convex hull. This endows
∆X with the structure of a simplicial complex, such that σJ is a face of σL
if and only if J ⊃ L.
We denote byM′X the set of SNCmodels ofX . By Theorem 6.4,MX 6=
∅ impliesM′X 6= ∅. We can see thatM
′
X ⊂MX andM
′
X is also a directed
set.
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When X ′ ≥ X , where X ′,X ∈ M′X , we obtain the natural map ∆X ′ →
∆X . Hence, the following is well-defined.
lim
←−
X∈M′X
∆X .
The following, which is a highly suggestive result, is stated by [KS06]. Fur-
thermore the proof is written by [BFJ14].
Theorem 6.6 (Corollary 3.2 of [BFJ14]). In the above situation, we obtain
the following homeomorphism.
X ∼= lim
←−
X∈M′X
∆X .
Now for each J ⊂ I the intersection EJ := ∩j∈JEj is either empty or
a smooth irreducible k-variety. Let ξJ be a generic point of EJ if EJ 6= ∅.
For each j ∈ J we can choose a local equation zj ∈ OX ,ξJ , so that (zj)j∈J
is a regular system of parameters of OX ,ξJ because of the SNC condition.
For this X and any (nonsingular) point p ∈ X , we obtain the sequence
k →֒ R→ OX ,p. It implies k →֒ OX ,p.
Hence, by Cohen’s structure theorem, after taking a field of representa-
tives of κ(ξJ), we obtain that
ι : ÔX ,ξJ
∼= κ(ξJ)[[tj , j ∈ J ]]
defined by ι(zj) = tj .
Definition 6.7. x is a quasi monomial valuation if there exists a SNC model
X of X and s ∈ σJ ⊂ ∆X such that x is a valuation on OX ,ξJ defined by
the restriction of the valuation on ÔX ,ξJ defined by
f =
∑
α∈Z|J|≥0
cαz
α ∈ ÔX ,ξJ 7→ |f | = max
cα 6=0
rα,
where each cα is either zero or unit of OX ,ξJ , that is ι(cα) ∈ κ(ξJ), and
|zj| = rj = exp(−sj) < 1.
Remark 6.8. By the condition of ∆X , x is an extension of the equipped
valuation onK. In other words, x ∈ X follows. It is clear that cX (x) = ξJ .
Our definition above is slightly a priori different from the original one in
[BFJ14] though it is still equivalent.
From now on, we list a few properties of quasi monomial valuations.
Proposition 6.9 (cf. Definition 3.7 and §3.3 of [BFJ14]). In the same sit-
uation as above, we denote by ∆′X the inverse image of ∆X through the
homeomorphism in Theorem 6.6. Then, it holds that
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Xqm =
⋃
X∈M′
X
∆′X .
This is the original definition of quasi monomial valuations in [BFJ14].
The following is a topological property.
Proposition 6.10 (Corollary 3.9 of [BFJ14]). In the above situation, we de-
note byXqm the set of quasi monomial valuation ofX . Then, it follows that
Xqm is dense inX .
Lastly, we state a property of quasi monomial valuations as an application
of the discussion in Theorem 4.6.
Theorem 6.11. Let X be a smooth connected projectiveK-analytic space.
If x is a quasi monomial valuation, then there exists a SNC model X of
X such that H˜ (x) = κ(cX (x)).
Proof. This proof is essentially given by Corollary 3.8. By the assumption,
we can take a SNC model X satisfying that x gives a monomial valuation
on ÔX ,c(x) as above.
Now we construct desirable vertical blow-up π : X ′ → X such that
H˜ (x) = κ(cX ′(x)) by refining the construction of Theorem 4.6.
By Theorem 4.6, we see
H˜ (x) = κ(cX (x))(f1, . . . , fn) for some f1, . . . , fn ∈ H˜ (x).
Nowwemay assume that fi = gi/hi, where gi, hi ∈ mcX (x) ⊂ OX ,cX (x) in
the same way as the discussion of Theorem 5.7. We denote by̟ ∈ OX ,cX (x)
the local equation of the central fibre X0 at cX (x). Since |̟|x < 1 and
|gi|x = |hi|x < 1, we see |̟l|x ≤ |gi|x = |hi|x for some l ∈ N. This l is
independent of the choice of i.
Now we consider the blow-up along the closed subscheme V (̟l, g1, h1)
in some neighborhood of cX (x). Since V (̟l, g1, h1) is also a closed sub-
scheme of lX0, the defining ideal sheaf of V (̟l, g1, h1) extend to some
defining ideal sheaf onX which contains the defining ideal sheaf of lX0 onX
in the sameway as Theorem 3.5. Then the blow-up along this ideal sheaf can
be regarded as a vertical blow-up after taking further blow-up by [Tem08].
We denote by π1 : X 1 → X this blow-up. Then, we see f1 ∈ κ(cX 1(x)).
Indeed, we can take U1 = SpecA1 as the affine neighborhood of cX 1(x)
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such that g1/h1 ∈ A1 since we can take U1 which satisfies below.
U1 = SpecA1
π1 //
**❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱
U = SpecA
SpecA[̟l/h1, g1/h1]

OO
The above U is an affine neighborhood of cX (x). This diagram is obtained
by considering the image of SpecRx. It induces f1 ∈ κ(cX 1(x)).
In the similar way as above, we construct the vertical blow-up πi+1 :
X i+1 → X i with respect to V (̟l, gi+1, hi+1) inductively. Then, it follows
that
κ(cXn(x)) = H˜ (x).
In this way, we construct desirable vertical blow-up
π(= πn ◦ · · · ◦ π1) : X
′(= X n)→ X .
Then X ′ is a SNC-model of X . Therefore, the assertion follows. 
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